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This paper reports on the ongoing analysis of the validity of a teacher-knowledge assessment as a 
predictor of students’ progress.  The assessment aims to identify the teachers who have the weakest 
knowledge for the teaching of fractions in order to enable the provision of targeted professional 
development support.  The relationship between teachers’ scores on the assessment and student 
achievement gains as measured against the Number Framework was investigated.  Rasch analysis 
was employed to obtain a measure of student gain that could be compared irrespective of starting 
stage.  Results provide evidence of the validity of the content measures in the assessment, with 
students of teachers who scored highly in the content measures making signifi cantly greater gains 
than students of teachers who scored poorly in the content measures.  Findings for the measures 
based on pedagogical content knowledge were unexpected, with students of teachers scoring 
highly in these measures making signifi cantly smaller mean gains than the students of teachers 
scoring poorly.  

Background
It is well established that teachers of mathematics require a broad range of knowledge in order 
to be effective (Wayne & Youngs, 2003) and that professional development programmes have an 
important role to play in supporting the development of teacher knowledge (Putnam & Borko, 1997).  
Recent studies have indicated that programmes focused on the development of teacher knowledge 
are successful in changing teacher practice and improving student performance (Borko, 2004).  The 
most effective professional development programmes build on teachers’ existing knowledge, so an 
initial assessment of teachers’ understandings may provide valuable information that can be used to 
provide targeted professional development support (Guskey, 2000).  

This paper reports on the ongoing analysis of the validity of an assessment (see Appendix G, pp. 186–
188) that focuses on teachers’ knowledge for the teaching of fractions as a predictor of students’ 
progress (Ward & Thomas, 2007, 2008).  The assessment was developed for use in professional 
development programmes within the Numeracy Development Projects (NDP).  The assessment is 
based on previous research in which measures of teachers’ content knowledge for teaching were 
aligned with student achievement information; this research found that students with teachers in 
the lowest third of the knowledge distribution had signifi cantly lower achievement (Hill, Rowan, & 
Ball, 2005).  Based on this work, the assessment aims to identify those teachers who have the least 
knowledge for the teaching of fractions in order to enable the provision of targeted professional 
development support.  

Previous analysis investigating the relationship between teacher scores on the assessment and 
student achievement information was limited by the non-linear scale of the stages of the Number 
Framework (Ward & Thomas, 2008).  Students progress more quickly through the lower stages of 
the Framework than through the upper stages (Irwin, 2003; Irwin & Niederer, 2002; Ward & Thomas, 
2002), so a simple comparison of stage gains in relation to teacher scores is not possible.  The current 
study employs Rasch analysis to obtain a linear measure of student gain that can be compared across 
students, irrespective of starting stage.  Similar work has been carried out previously (Irwin, 2003; 
Irwin & Niederer, 2002), but there was a need to update this analysis to take account of changes to 
the Number Framework.  
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The current analysis investigates the relationship between teacher scores on the assessment and 
Rasch measures of student achievement gain.  If teachers who score poorly in the assessment have 
students who make signifi cantly lower gains, this is evidence that the tool is fi t for purpose; it is able 
to identify those teachers with the greatest need for professional development.

Method

Materials 

Information on teacher knowledge was collected using the teaching of fractions assessment.  The 
assessment is designed to collect information on teachers’ content knowledge (CK) and pedagogical 
content knowledge (PCK) in the area of fractions.  Teacher responses were evaluated using a marking 
criteria developed alongside the assessment.  The assessment was marked out of a total of 17 points: 
the CK component had a total possible score of 7 points and the PCK component was worth 10 
points.  Further information about the development, nature, and trial of the assessment can be found 
in previous reports (Ward & Thomas, 2007, 2008).  

Student achievement data was collected by teachers using the Numeracy Project Assessment (NumPA).  
The NumPA is an individual interview that provides information on students’ knowledge and strategy 
stages aligned to the Number Framework.  

Method

Participating schools received teacher assessments by post, along with a set of detailed instructions 
for their completion.  Assessments were completed at the school and returned to the researcher for 
marking.  

Two sets of student achievement information were collected by teachers: initial data before instruction 
began and fi nal data near the end of the 2007 school year.  Student data was entered into the online 
numeracy database.  

Further information about data collection methods can be found in previous reports (Ward & Thomas, 
2007, 2008).  

Participants

The fi nal sample consisted of 17 schools: one low-decile school (1–3), 10 medium-decile schools (4–7), 
and 6 high-decile schools (8–10).  Results from 88 teachers were included in the sample.  Table 1 
provides a summary of the year levels taught by these teachers.  Participating teachers had between 
6 months and 30 years teaching experience, with the majority of teachers’ experience being at the 
year level of the students they were currently teaching.  

Table 1
Participating Teachers

 Year levels Number of Teachers Percentage of Teachers

 1–3 27 31

 4–6 18 20

 7–8 32 36

 9  11 13

 Total 88 100
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On average, each participating teacher provided complete results for 22 students, with between 2 
and 49 sets of student results per teacher.  Table 2 shows the distribution of participating students 
across year levels.

Table 2
Participating Students

 Year levels Number of Students Percentage of Students

 1  168   9

 2 188 10

 3 172   9

 4 119   6

 5 140   7

 6 122   6

 7 371 19

 8 445 23

 9 221 11

 Total 1946 100

Analysis

A Rasch analysis was used to describe student gain in a three-step process.  Initially, item diffi culty 
estimates for each of the stages within the three strategy and the six knowledge domains within 
the Number Framework were calculated using a maximum log likelihood procedure and software 
developed for the purpose using R (a statistical programming language).  The diffi culties of all stages 
of all nine domains were estimated on the same logistic (Rasch) scale. The estimates were calculated 
using the initial results of 4000 students randomly selected from the 47 005 entries in the 2007 national 
numeracy results database.  

Initial and fi nal student ability estimates for the students in the sample were calculated using the 
item diffi culty estimates and the students’ initial and fi nal stage ratings on each of the nine domains.  
Student gain scores were then calculated for each student by subtracting the initial ability estimate 
from the fi nal ability estimate.  These gain scores provided a measure of student progress in logits, 
which could be compared across all students irrespective of starting stage.  

The relationship between student gain scores and teacher scores on the assessment was investigated.  
For comparison purposes, teachers were split into low-scoring and high-scoring groups.  These groups 
were based on the distribution of scores, with one-third of the teachers placed in the low-scoring group 
and one-third of the teachers placed in the high-scoring group for each of the three score types: CK, 
PCK, and total.  Table 3 shows the distribution of scores for each of these groups.  

Table 3
Scoring Range of Low- and High-Scoring Comparison Groups 

 Low Scoring  High Scoring 

Score Score Number of teachers Score Number of teachers

Content knowledge (CK) ≤ 4 25 7 26

Pedagogical content knowledge (PCK) ≤ 2 25 ≥ 6 23

Total (CK and PCK) ≤ 7 27 ≥ 12 26
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T-tests were used to compare the mean gain score of students with low-scoring teachers to the mean 
gain score of students with high-scoring teachers for each of the three groups.  For the purposes of this 
paper, effect sizes of 0.2 or less are described as small, effect sizes between 0.2 and 0.8 are described 
as medium, and effect sizes of 0.8 or higher are described as large (Cohen, cited in Coe, 2002).

Findings and Discussion
This section reports on the fi ndings of this research under three headings.  Firstly, the achievement 
gains of the students whose teachers attained low or high scores on the assessment are compared.  This 
is followed by a breakdown of gains by year level.  Finally, the effect of CK scores is investigated for 
groups in which PCK is low, and similarly, the effect of varying PCK scores is described for groups 
in which CK is high.  

Comparison of Student Achievement Gains for Low- and High-scoring Teachers 

Signifi cant differences were found between the mean gains of students with low- and high-scoring 
CK teachers, with a medium effect size of 0.24.  No signifi cant differences between the mean gains of 
low- and high-scoring groups were found using PCK or total scores.  Table 4 shows these results.  

Table 4
Comparison of Mean Student Gain for Low- and High-scoring Teacher Groups

 Mean Gain (logits) 

 Students of low- Students of high- Difference Effect Signifi cance
Score scoring teachers (n) scoring teachers (n) in means size level

Total 0.95 (583) 1.03 (546) 0.08 0.11 Not signifi cant 

CK 0.96 (540) 1.15 (582) 0.19 0.24 <0.01

PCK 1.00 (554) 1.03 (449) 0.03 0.05 Not signifi cant

Note: n = number of students

The differences between the mean gains for low- and high-scoring CK groups seem small, but they 
indicate a substantial difference in gains between the groups.  Students with a teacher in the high-
scoring-CK group gained, on average, an additional 0.19 logits.  This is 20% more than the average 
gain made by students of low-scoring-CK teachers.  Over the course of a school year, this effectively 
equates to an additional eight weeks of instruction for the students of high-scoring teachers.  

The lack of signifi cant differences in the mean gains of students with teachers in the low- and high-
scoring-PCK groups was unexpected, as was the lack of signifi cant differences in the mean gains 
of students with teachers in the low- or high-scoring total groups.  Further analysis was therefore 
carried out by year level.  

Comparison of Student Achievement Gains by Year Level

Because the assessment was developed to assess knowledge for teaching at stages 7 and 8 of the 
Number Framework, it might be expected that the relationship between student gain scores and 
teacher scores on the assessment would be strongest at higher year levels.  Comparisons were made 
between the student gains of low- and high-scoring teachers for all three score types (CK, PCK, and 
total) by year level.  Signifi cant differences were found between the means of low- and high-scoring-
CK groups at years 7–8 and 9.  Table 5 displays the results for CK scores.  No signifi cant differences 
where found between the mean gains of low- and high-scoring groups for PCK or total scores.  
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Table 5
Mean Gain Comparison: Low- and High-scoring Groups by Year Level

 Mean Gain (logits)

 Students of low- Students of high- Difference Effect Signifi cance
Year scoring teachers (n) scoring teachers (n) in means size level

1–3 0.99 (206) 0.94 (117) 0.05 0.13 Not signifi cant

4–6 0.89 (116) 0.87 (141 0.02 0.03 Not signifi cant

7–8 1.00 (205) 1.42 (254) 0.42 0.42 <0.01

9 0.43 (13) 1.13 (70) 0.69 0.91 <0.01

Note: n = number of students

The differences in the student gains of low- and high-scoring-CK teachers in years 7–8 and 9 were 
substantial, with effect sizes of 0.42 in years 7–8 and 0.91 in year 9.  At years 7–8, students of high-
scoring-CK teachers made on average 42% more progress than students of low-scoring-CK teachers.  
At year 9, students of high-scoring-CK teachers made on average 160% more progress than students 
of low-scoring-CK teachers, although the small sample size for students of low-scoring teachers at 
this level indicates a need to be cautious when interpreting these results.

While the analysis by year level shows a clear relationship between measures of student gain and 
teachers’ CK scores, teachers’ PCK scores were found to be unrelated to student gain scores at 
any level.  This may be explained, in part, by the relationship between CK and PCK scores, which 
makes a comparison of high and low scores problematic.  A group of teachers with low CK scores 
will necessarily have low PCK scores, whereas a group of teachers with high CK scores may have 
a range of PCK scores (Ward & Thomas, 2008).  In other words, those teachers who are unfamiliar 
with specifi c content are unlikely to know effective ways to teach that content, while teachers who 
are familiar with the content may or may not know how to teach it effectively.  Conversely, a group 
of teachers with high PCK scores will necessarily have high CK scores, whereas a group of teachers 
with low PCK scores may have a range of CK scores.  Figure 1 shows a plot of teachers’ CK scores 
versus their PCK scores to illustrate this relationship.  A line of best fi t is included, and the numerals 
in brackets give the number of teachers at each of the data points.

Figure 1.  Teachers’ CK and PCK scores
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Comparisons of Individual Effects of CK and PCK

As described in the previous section, the relationship between CK and PCK scores complicates 
comparisons of low- and high-scoring groups.  To mitigate this effect to some extent, two further 
analyses were carried out: fi rstly, an investigation of the student gains of low- and high-scoring-CK 
teachers whose PCK was low, and secondly, an investigation of the student gains of low- and high-
scoring-PCK teachers whose CK was high.  The analysis was carried out using students from years 
7–8 and 9 for whom a relationship between student gain and teacher CK scores had already been 
established.

Three groups of year 7–9 teachers were established to enable these comparisons.  Group 1 consisted 
of teachers who were low scoring in both CK and PCK, group 2 was made up of teachers who were 
low scoring in PCK and high scoring in CK, and group 3 teachers were high scoring in both CK and 
PCK.  Figure 2 illustrates these groups.  

 Low CK High CK

 Group Three:
     7 teachers
 140 students

 Group One: Group Two:
      6 teachers    2 teachers
 140 students 50 students

Figure 2.  CK and PCK comparison groups, years 7–9

Comparing groups 1 and 2 enables us to look at the effect of CK scores where PCK is low.  Teachers 
in the high-scoring-CK group were found to have a signifi cantly higher mean student gain than 
teachers in the low-scoring-CK group (p < 0.01).  Figure 3 illustrates the mean gain for groups 1 and 
2, using error bars with a 95% confi dence interval for the mean.

Figure 3.  Effect of CK scores when PCK is low 

1.8

1.6

1.4

1.2

1.0

0.8
N =  140 50

 Low PCK Low PCK
 Low CK High CK
 (Group 1) (Group 2)

M
ea

n 
ga

in
 (9

5%
 c

on
fi d

en
ce

 in
te

rv
al

)
Lo

w
 P

CK
   

   
H

ig
h 

PC
K



83

Linking Teacher Knowledge and Student Outcomes

A T-test was also carried out using student gain scores from the two groups.  Students with low-
scoring-CK teachers had a mean gain of 1.04 logits, while students with high-scoring-CK teachers 
had a mean gain of 1.44 logits.  This difference was found to be signifi cant (p < 0.01), with a medium 
effect size of 0.42.  These results are in accordance with the relationship between student gain scores 
and CK measures already identifi ed.

A comparison of groups 2 and 3 enables a look at the effect of PCK scores where CK is high.  
Unexpectedly, teachers in the low-scoring-PCK group were found to have a signifi cantly higher 
mean student gain than teachers in the high-scoring-PCK group.  Figure 4 illustrates the mean gain 
for groups 2 and 3, using error bars with a 95% confi dence interval for the mean.

Figure 4.  Effect of PCK scores when CK is high 

A further T-test on the student gains of these two groups showed that students with teachers in the 
low-scoring-PCK group had a mean gain of 1.44 logits, while students of teachers in the high-scoring-
PCK group had a mean gain of 1.05 logits.  This is a difference in the means of 0.40 logits, which is 
signifi cant (p < 0.01), with a medium effect size of –0.51.  This result was unforseen and surprising; 
students with teachers in the high-scoring-PCK group had signifi cantly smaller mean gains than 
students with teachers in the low-scoring-PCK group.  

A review of the literature provides some explanation for the result in which higher PCK scores are 
related to diminished student gain.  While there have been several attempts to measure teachers’ PCK 
in mathematics (see, for example, Carpenter, Fennema, Peterson, & Carey, 1988 and Hill, Schilling, 
& Ball, 2004), attempts to align teachers’ scores on these measures with student achievement data 
have been unsuccessful.  This is in contrast to measures of teachers’ content knowledge that have 
successfully been aligned with student achievement data (see, for example, Hill, Rowan, & Ball, 2005).  
The lack of alignment between measures of PCK and student achievement data has been attributed to 
the multidimensional nature of PCK (Alonzo, 2007; Hill, Ball, Blunk, et al., 2007; Hill, Ball, & Schilling, 
2008).  As a construct, PCK is problematic to measure because it consists of several elements.  These 
include: knowledge of the development of student thinking in particular domains, knowledge of 
common student misunderstandings, and knowledge of effective teaching representations.  The 
broad nature of PCK results in measurement diffi culties. 
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Concluding Comment
Fractions are a complex and crucial area of mathematics instruction.  They are recognised as both 
one of the most important areas in the primary school mathematics (Behr, Lesh, Post, & Silver, 1983; 
Lamon, 2007) and one of the most challenging to teach and learn effectively (Smith, 2002; Lamon, 
2007).  In addition, they represent the initial development of proportional reasoning, an area of the 
NDP in which both students’ and teachers’ understanding is of concern (Young-Loveridge, 2006, 
2007; 2008; Young-Loveridge, Taylor, Hàwera, & Sharma, 2007; Ward & Thomas, 2007).

When establishing the validity of any assessment, the purpose for which items were developed and 
the context in which they are to be used are paramount (Kane, 2007; Lawrenz & Toal, 2007).  On this 
basis, the question must be asked: are teachers’ scores in the assessment useful for identifying those 
teachers whose students are making the least progress?  The CK measures are valid in this regard at 
years 7–9, in which the content of instructional programmes is directly aligned with the content of 
the assessment.  At these years, students of high-scoring-CK teachers make signifi cantly greater gains 
than students of low-scoring-CK teachers.  Contrastingly, the PCK measures cannot be regarded as 
valid.  The unexplained result for years 7–9, in which the students of high-scoring-PCK teachers made 
signifi cantly less gains than the students of low-scoring-PCK teachers, is puzzling.
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