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Analysis of three years of results from the same students in years 8, 9, and 10 shows a steady 
increase in algebraic thinking.  One pair of schools outperformed the other three pairs on each 
occasion.  The intermediate students from this pair of schools entered secondary school with a 
better understanding of algebraic thinking than did students from the other schools.  The use of 
this thinking was encouraged by teachers in the secondary school despite that school not being in 
the Secondary Numeracy Project.  An additional analysis showed that students who had reached 
stage 6 or higher in the Numeracy Development Project showed the greatest ability at generalising 
algebraic thinking.  That is, they were most able to express concepts with letters on the basis of 
knowing how to operate fl exibly with numbers.

Background
In 2004, we embarked on a three-year study of specifi c students as they moved from intermediate 
schools that had been involved in the Intermediate Numeracy Project (INP) to secondary schools 
that might or might not be using the Secondary Numeracy Project (SNP) (see Irwin & Britt, 2005, 
2006).  Our hypothesis was that students with a good understanding of the legitimate manipulation 
of numbers for addition, subtraction, multiplication, and division would be able to generalise this 
knowledge to algebra that used letters to state generalities.  In the words of Fujii and Stephens (2001), 
these students had been using numbers as quasi-variables and therefore should move without too 
much diffi culty to the use of letters as variables.

Our fi ndings showed that some students in intermediate school could make this generalisation even 
before they were introduced to algebraic symbols.  Overall, when assessed on the same test, students 
improved in the fi rst two years of secondary school in their ability to make this generalisation.  
However, there were marked differences among students and among schools.

Results obtained in this third year confi rm this trend in improvement.  A summary of fi ndings for 
all three years of this study is given at the end of the paper.

Method

Assessment Instrument

We chose to assess algebraic thinking in the context of compensation.  The same test was given in 
all three years.  It asked students to use, for each of the four operations, a method demonstrated by 
hypothetical students.  The method required them to generalise from specifi c examples for using 
the compensation for each operation.  For example, in addition, the same number is added to one 
addend and subtracted from the other addend in order to keep the sum the same, while in subtraction, 
the same number must be added or subtracted from both the minuend and the subtrahend for the 
compensation to work.  In addition to demonstrating this generalisation with numbers, students were 
then asked to express this relationship with letters.

The fi rst item for each operation involved demonstrating this generalisation with whole numbers.  
The second item required the students to demonstrate the operation with a decimal fraction.  The 
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inclusion of items that included a decimal fraction came out of a previous study (Irwin & Britt, 2004).  
The third item asked them to show how this generalisation would work when the number to which 
compensation was applied was a letter, the fourth item asked them the same question when the 
operations involved letters and a decimal fraction, and the fi nal item asked them to represent the 
second part of an equation that used only letters.

The test given is shown in full in Appendix K (p. 178).  Others are welcome to use this test, but we 
request that it either be noted as the Britt Algebraic Thinking Test or reference made to this paper in 
anything that is written about the test.

In addition to using this Algebraic Thinking Test, one analysis used results of strategy-scale scores 
of the Numeracy Project Assessment (NumPA) that teachers gave to all participating students.  The 
assessment results used were from 2005 when the students were in year 9 (available on www.nzmaths.
co.nz/numeracy/SNP/Assessment/FullSNumPA.doc).

Participants

Students from four pairs of contributing intermediate and secondary schools agreed to participate 
in this study.  Two pairs of schools were in the Wellington area and two pairs were in the Auckland 
area.  A general description of the secondary schools is given in Table 1.  (Note that all students in 
the third year of the study were now at secondary school.)

Table 1
Characteristics of Secondary Schools that Participated in the Assessment of Algebraic Thinking in 2006

 School number  Secondary  Number of  Number of In Secondary
  School decile* students* students for whom Numeracy 
    3 results were available  Project (SNP)

 1 4   726 13 Yes

 2 4 1 201 14 Yes

 3 6 1 583 61 No

 4 8 1 314 28 Yes

 Total  4 824 116

*Decile and number of students as given on TKI website

Procedure

Boxes of tests were couriered to each of the participating schools in 2006, as in previous years.  Each 
Head of Department (HOD) Mathematics was asked to have teachers give the test to all year 9 and 
10 classes in their school during term 4 of the year.  Teachers were to read to students the instructions 
that appear on the fi rst page of the Appendix (p. 178).  Tests were then returned to the authors for 
marking.  The tests were marked, under supervision, by students doing the graduate diploma in 
secondary mathematics education.  The main instruction was that an item be marked correct only if 
the compensation method was correct for that operation; items with the correct answer but showing 
no evidence of generalisation of the method of compensation were to be disregarded.

In some cases, schools chose not to give the test to all classes.  For example, in 2006, secondary school 
1 chose not to give the test to their three lowest year 9 classes and secondary school 4 provided 
results for 114 fewer year 10 students in 2006 than in 2005.  The number of students assessed differed 
markedly between 2004 and 2006 in three of the four schools.  The only effect of these differences 
was to reduce the number of students in the longitudinal data set.  
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Results
Three analyses were carried out to evaluate the data gathered from the tests of algebraic thinking.  
The fi rst analysis explored the correlation between individual students’ scores for the three strategy 
scores of the NumPA at the end of year 9 and scores on the Algebraic Thinking Test.  The second 
analysis looked at the Algebraic Thinking Test scores for all year 9 and year 10 students in 2004, 2005, 
and 2006.  The third analysis was a comparison of the means of students in each school who took the 
Algebraic Thinking Test in all three years.  

Analysis 1

In 2005, the scores that year 9 students gained on the Algebraic Thinking Test and on NumPA were 
correlated for the three secondary schools that were in the SNP.  For this analysis, all students in year 9 
for whom both scores were available were included.  In the diagnostic use of scores on strategy scales, 
additive, multiplicative, and proportional thinking are reported separately.  However, we reasoned 
that all three skills were necessary for the development of algebraic thinking and therefore added the 
three scores together.  This procedure also provides a wider range of scores and is therefore useful 
for correlations.  Correlations are given in Table 2.

Table 2
Correlation of the Total of Three Strategy-scale Scores on the NumPA and the Algebraic Thinking Test at 
the End of Year 9 in 2005

 School N Correlation

 1 134 0.66

 2 206 0.50

 3 – No NumPA scores

 4 217 0.43

All of these correlations demonstrate a signifi cant relationship (<0.01) between NumPA strategies 
and results on the Algebraic Thinking Test.  We can only speculate on the reasons for the difference 
in correlations in different schools.  Some teachers reported that motivation was a problem for some 
students, and some papers were returned to us with drawings on them.  Other teachers reported that 
they had walked among the students encouraging them to try another page.  The NumPA would 
have been administered individually, a situation in which motivation is usually high.  One school had 
a high portion of Asian and Pasifi ka students, including ESOL and fee-paying students, for whom 
understanding or reading English may have been diffi cult.

A further analysis of the total of the three NumPA strategy scales shows that students who were above 
the median, 19, on that test were the ones who could demonstrate algebraic thinking with letters.  This 
means that students who were operating at or above the advanced additive stage on all three scales 
were most likely to transfer this fl exible numerical thinking to algebraic thinking.

Analysis 2

All participating schools were given enough test papers to assess all year 9 and year 10 students for 
all three years of the study, with the exception of secondary school 4, which did not participate in 
2004.  The number of students assessed in years 9 and 10 fl uctuated in all but school 3, as shown in 
Table 3.  Schools appear to have used their own judgment on which classes to assess.  
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Table 3 
Number of Students Assessed in Years 9 and 10 in Each of the Three Years of the Study

 Secondary  Year 9   Year 10 
 school  2004 2005 2006 2004 2005 2006

 1 180 142   83    0 153   63

 2 230 237 224 222 173 233

 3 310 338 312 326 322 326

 4 – 260 170 – 282 168

The difference in the number of students assessed indicates that it would be wise to compare scores 
only for school 3.  The mean for year 9 and year 10 in Figure 1 shows the mean scores for year 9 and 
10 students in secondary school 3 in the three years of the study.
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Figure 1: Mean scores for the Algebraic Thinking Test in secondary school 3 over three consecutive years

Note that the mean scores increased for each class in each succeeding year.  This may be related to 
the understanding of the intermediate school cohorts going through or to differences in teaching 
provided by this secondary school.

Theoretically, it was possible to gain a score of 8 by passing items with numerical quasi-variables 
(see Appendix, p. 178).  To check whether or not students transferred this understanding of quasi-
variables to the use of letters as variables, a further analysis was carried out.  This analysis looked 
at the results of the students in school pair 3 to see what percentage of students who passed items 
in which numbers were used as variables also passed items using letters as variables.  The results 
of this are given in Table 4.  The students reported on in this analysis include all the students from 
intermediate school 3 and all the year 9 and 10 students in secondary school 3 who had attended this 
intermediate school.
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Table 4
Percentage of Students from School Pair 3 Who Passed Some or All Numerical Items and Also Passed 
Some Literal Items

Year cohort N N scoring >0 Percentage passing from Percentage passing
   1 to 8 items, some of  more than 8 items, some
   which included letters  of which included letters

Year 8   93   79   6 94

Year 9 208 181 25 75

Year 10 218 203 39 61

Thus it was not necessary for students to pass all of the numerical items for them to be able to generalise 
the use of numbers as quasi-variables to the use of letters as variables.  The ability to generalise to 
using letters as variables increased with year level.  

Analysis 3

This analysis was of the scores for students who took the Algebraic Thinking Test on three occasions.  
Students who were tested on only one or two of those years were not considered in this analysis.

The students varied both in their initial attainment at the end of year 8 and in their rate of development 
over the three-year period.  An indication of this variability is shown in Figure 2, which presents the 
results of a random selection of eight students.  The fi gure shows that some students improved over 
the three years, some did not change, and some declined in performance.  In order to take into account 
this variability among students over each year, a random co-effi cient analysis was undertaken.  The 
analysis also accommodated the correlation between responses that arises when the same person is 
measured on several occasions.  These are shown in Table 5.

Figure 2: Each panel represents a randomly selected student (ID at top of panel).  Waves 1, 2, and 3 refer to years 8, 9, 
and 10 respectively.  The circles show a student’s score at each wave, and the straight lines are least-squares fi ts.
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Table 5 
Correlation Coeffi cients among the Scores over Three Years

  Year 8 Year 9 Year 10

Year 8 Pearson correlation 1 0.640** 0.639**

Year 9 Pearson correlation 0.640** 1 0.714**

Year 10 Pearson correlation 0.639** 0.714** 1

 N 116 116 116

**signifi cant at the 0.01 level (2-tailed)

The analysis examined possible differences among students from the four different pairs of schools 
that they attended.  

Figure 3 shows the average performance of all the students who attended a pair of schools over 
three years.  With the exception of school pair 4, the mean scores of students in each of the schools 
improved over the three years.  In examining this fi gure, it should be borne in mind that the number 
of students in each pair of schools differed widely: 13 in schools labelled “1”, 14 in “2”, 61 in “3”, 
and 28 in “4”.  See Table 1.

Figure 3: Mean score of students attending each of the four pairs of schools over three years

Scores from school pair 3 were signifi cantly different from school pairs 2 and 4 (p < 0.05) but not from 
school pair 1 (p = 0.081) because of the large variance in the small number of student scores from 
that school pair.  The difference among schools when all three years were taken into consideration 
approached signifi cance F(3,112) = 2.620, p = 0.054.

A statistical analysis of the data was undertaken by means of SPSS’s mixed linear model (SPSS: 
Statistical Package for the Social Sciences).  Two models were fi tted.  The simpler model estimated, 
without differentiating among the schools, the average score at year 8 and the average rate of 

12

10

8

6

4

2

0

Year

 8 9 10

Schools
3

2
1

4M
ea

n 
sc

or
e



39

The Development of Algebraic Thinking: Results of a Three-year Study

improvement over each subsequent year.  The model’s estimated score at year 8 was 5.7, and the 
estimated improvement per year was 1.3 points.  This model is shown by the heavy line labelled 
“all” in Figure 4.

The other model took into consideration the effect of attending different pairs of schools.  This model 
provided a marginally better fi t to the data than the simpler one.  If this is taken to show a worthwhile 
improvement in the model’s fi t, then the resulting estimated initial score and improvement rate for 
students from each school is shown in Figure 4 by the lines labelled “1”, “2”, “3”, and “4”.  The effect 
of attending different schools did not reach signifi cance at the 0.05 level.  For both models, the rate 
of change (1.3 points per year) represented a signifi cant improvement.

Figure 4: Two best-fi tting models: (a) the solid line, labelled “all”, shows the estimated score at year 8 and the estimated 
improvement over three years of the average student, without differentiating among the schools; and (b) a model of the 

estimated score at year 8 and the estimated improvement of the average student in each of the pairs of schools.

A still more complex model, which allowed for different average rates of improvement for students 
from different schools, did not improve the fi t; it therefore is not discussed further.

Discussion
Three annual reports have now been presented for this study.  We discuss fi rst some of the factors that 
arose out of the analyses in this report.  This is followed by a discussion of the one pair of schools, pair 
3, which were superior to the other three pairs of schools.  In this discussion, we provide information 
from our interviews with personnel in these schools.  Finally, we will draw some conclusions from 
the data for all three years of this study.  

The fi rst analysis presented in this report drew on material not analysed before: the relationship 
of the NDP and our Algebraic Thinking Test.  This test was developed on the assumption that the 
algebraic thinking we were investigating was developed in the NDP.  The fi rst items on each page of 
this test are similar to exercises suggested in the NDP.  For this correlation, we used all the students 
who had been given both tests at the end of year 9, that is, 557 students.  The correlations for each 
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school were high.  This demonstrates a defi nite relationship between the NDP and the Algebraic 
Thinking Test.  Importantly, the students who were judged to be at or above the advanced additive 
stage, which turned out to be half of the students assessed, were those who were able to transfer 
their algebraic thinking from the quasi-numerical level, as used in the NDP, to demonstrating this 
thinking with letters.  It is to the credit of the teaching programmes in intermediate and secondary 
schools that half of students have reached this level by the end of year 9.  A further analysis that 
would be interesting here would be the correlation of strategy scores at the end of year 8 with scores 
on the Algebraic Thinking Test.

The second analysis looked at all of the results from the four secondary schools for year 9 and year 
10 for each of the three years of the study.  It appeared that secondary schools assessed most of their 
students in 2005, the year in which year 9 results were important for the longitudinal study.  Only 
one school, school 3, appeared to have assessed all available year 9 and 10 students in each of three 
years.  When their average results were graphed, both year 9 and year 10 students showed a steady 
increase across the three years.  This is referred to again in the section on this school.  The fact that 
the number of students varied across the years demonstrates one of the potential diffi culties of cross-
sectional studies that look at different year groups of students and draw comparisons.  Failure to 
assess all students can be one of many reasons why a non-representative sample can turn up in a 
cross-sectional study.  

This diffi culty draws attention to the advantage of following the same students across three years.  
Although 317 students were assessed in year 8, only 116 of these took the Algebraic Thinking Test 
for three years.  The mean for algebraic thinking scores advanced signifi cantly through years 8, 9, 
and 10 despite differences among the schools.  The exception was the 28 students in secondary school 
4 whose mean performance was better in year 9 than in the following year.  We asked teachers for 
possible reasons for this decline and were told that one reason might be that teachers had to prepare 
students for year 11 examinations rather than focusing on algebraic thinking.  In looking at the average 
performance across the four schools, school pair 3, which accounted for 53 percent of the students in 
the study, outperformed the other schools in every year.  

Interviews with teachers in all four schools gave us a mixed picture of the extent to which the principles 
of the NDP had an effect on their teaching.  Some secondary school teachers who were experimenting 
with how to make the principles of the NDP relevant to their students appeared to be aware of ways 
in which they could use the students’ existing knowledge in their teaching.  Some teachers appeared 
to teach traditionally, with little regard to knowledge gained in the NDP.  We were also told of uses 
of the NDP that seemed ineffi cient in that they focused on surface features of the project rather than 
principles.  For example, one group of teachers reported that they had been advised to teach strategies 
for four days per week for two terms.  The teachers now realised that this had not been very helpful 
and intended to integrate the strategies with their normal teaching in future years.  Some teachers 
also told us that they would not be able to continue to further this integration because they had to 
prepare for exams in the next year.    

School Pair 3

This pair of schools outperformed all other schools in each of the three years in which they were 
assessed.  Our study set out to look at the sustainability of a mathematical concept, algebraic thinking, 
rather than the sustainability of the NDP.  When we interviewed the teachers who were primarily 
involved, we found that they expressed many ideas that would be common among teachers responsible 
for sustaining the NDP.



41

We interviewed the teacher in charge of mathematics at the contributing intermediate school in 2004 
and in 2006 and the HOD Mathematics at the secondary school in 2005 and in 2006.  We suggest 
factors that may have led to their students’ competence.  

The important characteristics of the numeracy lead teacher in the intermediate school appeared 
to include a fi rm knowledge of relevant mathematics, of the NDP, and of the natural progression 
from number to algebra.  She had leadership qualities that earned her the respect of other teachers 
and enabled her to recognise when fi rmer supervision of her teachers was needed.  She had the full 
support of her principal, who was informed about the NDP.  He told us “all credit went to the woman 
in charge of mathematics.”        

However, the lead teacher also gave credit to Peter Hughes, who had been their facilitator for two 
years.  She wrote in an email “During the 2 years we were on the contract, our teaching was very 
focused on number and I would say it took about 80% of the [mathematics] teaching time.  Also having 
Peter as facilitator may have contributed to our brighter students being encouraged to move from the 
strategies into algebraic thinking.  He gave me a lot of good ideas for doing this.”  (Email to K. Irwin 
1/5/2006.)  In describing her own teaching, she said, in 2004, that she had already taken her top group 
into algebra.  When we asked if this was traditional algebra, she appeared almost shocked.  Of course 
not, she took the students from their use of strategies for numerical calculation into the generalities 
that could be expressed algebraically.  This was a natural growth for her.  In the email quoted above, 
she reported that the school had chosen algebra as one of their target areas for year 7 for 2006.  “A 
curriculum combining algebra and number can only be a help.  Very sensible.”  She thought that 
most of the teachers were managing to teach the NDP well but indicated that there were two groups 
of teachers that needed her help.  One group was the less confi dent teachers.  She reported that they 
might tell her that a certain student was perplexing them and ask for her help.  She would then give 
that student a numeracy assessment and be able to discuss the student with the teacher.  The other 
group that gave her some concern was teachers who had a traditional view of mathematics and were 
as yet unwilling to change, but she was working on this.  She required all teachers to send her their 
planning for each group on an irregular basis and planned to do this regularly in the following year.  
Asked if teachers followed their projected plan, she again laughed and said that often they would 
still be working on what they had planned for the previous week.  We formed the impression that 
she had a warm but professional relationship with the other teachers in the school that added to her 
effectiveness as a numeracy leader.

All the students were assessed at least once a year, using the NumPA or GLOSS (Global Strategy 
Stage) and the results passed on to the next teacher or to the secondary school.  They had regular 
contact with the secondary schools that their students attended.  They used NumPA stages as their 
method of reporting to parents.  They had tried using asTTle (Assessment Tools for Teaching and 
Learning) and PAT (Progressive Achievement Test) but found the numeracy stages more useful.   Her 
overall view was that students were enjoying mathematics more now.  Their attitude was positive, 
and they were not afraid of using letters in place of numbers.  Their understanding of the generality 
of the numerical operational strategies and measurement formulae for perimeter and area deepened 
as they explored the use of different numbers in response to “Will it work all the time?”

The HOD Mathematics at the secondary school, which these intermediate students went to, had been 
encouraged to participate in the SNP, but after consideration, had turned down this involvement.  He 
knew about the study in some depth.  The mathematics department had one teacher who taught only 
numeracy to those students who needed this.  Others integrated the concepts into their traditional 
curriculum where they thought appropriate.  In 2005, the teachers told us that they had put more 
emphasis on algebra than before.  In 2006, the teachers in the department had taught number and 
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algebra over terms 1 and 2 and then integrated algebra into the other topics that they taught during 
the rest of the year.  At the interview in 2006, we told them that their students outperformed the three 
other schools and asked why they thought that might be.  The teachers’ response was that they did 
not think their students were very good.  As the discussion developed, we learned that the HOD 
rewrote the departmental scheme for mathematics every year.  This last year, he had incorporated 
some of the ideas from the Algebraic Thinking Test.  In 2005, he had judged that students from 
intermediate schools who had had the NDP were not noticeably different from those who had not 
had the project.  This year, his view was different.  The teachers rejected the suggestion that their 
students had done well on this test as the result of any of their own efforts, saying that all credit 
must go to the intermediate school.  Senior teachers at the school said that algebra was the basis of all 
high school mathematics and had to be brought in whenever possible.  “We concentrate on algebra 
because they are doing badly.”  “Number underpins everything.”  They accepted different methods 
if the students could justify them: “Can’t have one size fi ts all.” 

We formed the impression that the HOD Mathematics knew he had a diffi cult task in educating 
his students but he gave considerable thought to improving teaching methods so that his students 
would do better.

As demonstrated in Figure 1, the average of all their year 9 and year 10 students on the Algebraic 
Thinking Test had improved across the three years of the study.  This could be the result of changes 
in teaching in the secondary school, of cohorts of intermediate students coming through with a better 
understanding of algebraic thinking, or a combination of both.  

It may also be relevant that these two schools were relatively isolated, about an hour’s drive from 
the nearest big city.  The major infl uence on the intermediate numeracy leader and the head of the 
secondary mathematics department appeared to be the understanding and performance of their 
own students.

Overall Conclusions
After assessing the same students’ algebraic thinking for three successive years, we can draw the 
following conclusions:

1.  In year 9, there was no signifi cant difference in the scores on the Algebraic Thinking Test between 
students from schools that had been offi cially in the NDP, as judged by those who put their 
results on the nzmaths site, and those from schools who had not put results on this site.  This 
could be because all intermediate schools now have some understanding of the NDP, either 
through private providers, reading materials on the web, or though general discussions.

2.  When the NumPA results of all year 9 students were correlated with the Algebraic Thinking 
Test results of these students, a good correlation was found.  More specifi cally, students who 
reached at least the advanced additive stage in all three strategy scales were the ones who could 
generalise their fl exibility in solving numerical problems to problems involving letters, using 
algebraic thinking.  

3.  There was a consistent increase in algebraic thinking scores over the three years in three of the 
four pairs of schools assessed.  When results were fi tted to the line of maximum likelihood, all 
schools showed an increase, although individual students differed.

4.  One pair of schools markedly outperformed the other three pairs of schools on all three occasions.  
The secondary school in this pair was not part of the SNP but considered the elements in it 
carefully.  The characteristics of the teachers in charge of numeracy and algebra at this pair 
of schools suggest factors that are important in transferring skills from the NDP to algebra.  
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Foremost in these factors are teachers with a deep understanding of the importance of algebraic 
thinking and what is necessary to develop it.  The teachers at this pair of schools thought for 
themselves about the ways to help their students make this connection rather than following 
the advice of outside advisors.  Although they saw improvement, if they were not satisfi ed 
with the results that their students were achieving, they continued to work on ways to improve 
students’ algebraic thinking.  They personifi ed the characteristics of schools that improve their 
students’ performance because they understood the principles of a reform, in this case the NDP.  
They improved their method of teaching through regular refl ection on both mathematics and 
their students.  

5.  While some students did very well on the Algebraic Thinking Test, many students did not do 
as well as we had hoped.  Factors contributing to this would include lack of appreciation of the 
importance of algebraic thinking for their students among intermediate school teachers and 
traditional teaching of algebra in secondary schools, based on rules rather than underlying 
concepts.  Another factor would be that half of the students assessed in year 9 were not judged 
to have advanced additive strategies in addition, multiplication, and proportional reasoning.

This study provides some positive results but also leaves us with some concerns.  We were pleased 
at the number of teachers who saw the relevance of algebraic thinking in the secondary mathematics 
curriculum, but we were also concerned about the view that, despite the importance of algebraic 
thinking, they could not continue to concentrate on it because of the demands of the NCEA examination 
in year 11.  There does not appear to be a smooth transition between the curriculum for the lower 
secondary school years and the examination years.  This does not encourage students to build on 
the algebraic thinking that they have developed in the NDP.  This problem exemplifi es the need for 
a smooth growth of mathematical concepts all through the school years.  This should be attended to 
if the gains made in the primary and early secondary school years are to be developed.  Algebraic 
thinking is essential to all secondary school mathematics but, at present, this thinking is not fostered 
in preparing for year 11 examinations.  

In closing, we would state that the NDP has the potential to develop the algebraic thinking that 
underlies all secondary school algebra.  However, this potential has yet to be reached for many students.  
Only those who are truly fl exible in their use of strategies for solving additive, multiplicative, and 
proportional problems have gained this ability to think algebraically.  
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