Exploring multiplication
The difference of two squares
We are learning more about multiplying whole and decimal numbers.

Exercise 1:  Tessa’s pattern


Tessa has discovered an interesting pattern.

She chooses 8 as her starting number. 

She then goes up and down by 1 to get 9 and 7.



	6
	7
	8
	9
	10

	
	
	
	
	



Next she works out the products of these two numbers: 
7 x 9 = 63 

She then works out the square of her starting number:
8 x 8 = 64 


When she compares the two answers she notices that 63 is 1 less than 64.


Tessa wonders if her pattern is true for all numbers. 

What to do

Calculate the following products to see if Tessa’s pattern works with other numbers. 
1)
3 ( 3 and 2 ( 4
(2) 
4 ( 4 and 3 ( 5
(3)
5 ( 5 and 4 ( 6
4)
9 ( 9 and 8 ( 10
(5)
10 ( 10 and 9 ( 11
(6)
12 ( 12 and 11 ( 13
7)
14 ( 14 and 13 ( 15
(8)
25 ( 25 and 24 ( 26
(9)
100 ( 100 and 99 ( 101
10) Try some other numbers. Can you find any numbers for which Tessa’s pattern does not work?
11)
Is this enough to prove that Tessa’s pattern works for all numbers? 

Exercise 2:  Developing the pattern


Tessa is trying to explain what happens with the numbers in her pattern.
She writes (8 - 1) x (8 + 1) = 82 – 1  

What to do


Complete the number sentences for these questions.

1)
(3 - 1) ( (3 + 1) =  
(2) 
(4 – 1) ( (4 + 1) =
3)
(5 – 1) ( (5 + 1) =

4)
(9 – 1) ( (9 +    ) =
(5)
(10 – 1) ( (     +    ) =
(6)
(12 + 1) ( (    -    ) =
7)
(    - 1) ( (    + 1)
(8)
(    +   ) ( (     -     ) =
(9)
(    -    ) ( (    +    ) =
Exercise 3:  Squares and rectangles

Tessa is not convinced that her pattern is true for all numbers just because it works for the numbers she has tried. Tessa is trying to explain why her pattern works. She focuses on 5 and builds an array of counters to show 5 x 5. She also builds an array to show 4 x 6. From looking at the two arrays she says she can see why her pattern works and that it must work for all numbers. She says that if you add one row and subtract one column, there is always one counter left over.
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What to do
1) Use counters to build an array to show Tessa’s pattern for three of the problems you did in Exercise 1. Use your array to explain to another student why the pattern works.

2) Is this enough to prove that Tessa’s pattern works for all numbers?


3) Finish this number sentence: (n - 1) ( (n + 1) = 


4) Use counters to investigate what happens if you go up and down by two (so for example, instead of comparing 7 ( 9 with 8 ( 8, compare 6 ( 10 with 8 ( 8. 
There seems to be a pattern. When you go up and down by 2, the product is how much less than the square?

5) Finish this number sentence: (n - 2) ( (n  + 2) = 

6) Investigate what happens if you go up and down by other numbers.

7) Finish this number sentence: (n - 3) ( (n + 3) = 

8) Finish this number sentence: (n -  4) ( (n + 4) = 

9) Finish this number sentence: (n -  10) ( (n + 10) = 


10) What is the relationship between the number you go up and down by, and the difference between the product and the square?

11) Finish this number sentence: (n -  a ) ( (n + a) =

12) This number pattern is called the difference of two squares. Explain to another student how this name fits the pattern.
Exercise 4:  What about decimals?
Mike wants to see how this pattern works with decimals

He chooses a starting number of 8. When he goes up and down by 0.1 he gets 7.9 and 8.1.

He knows that 82 = 64 

His calculator gives 7.9 x 8.1 = 63.99 which is 0.01 less than 64.
Mike says the pattern works in exactly the same way as with whole numbers. Tessa wants to understand why it works so she draws a diagram.






What to do


Draw diagrams like Tessa’s to show how the pattern works for these numbers

1)
22 and 1.9 ( 2.1
2) 
42 and 3.9 ( 4.1 
3)
52 and 4.8 ( 5.2
4)
102 and 9.7 ( 10.3
(5)
22 and 1.99 ( 2.01
(6)
62 and 5.99 ( 6.01
7)
0.12 and 0.09 ( 0.11
(8)
2.52 and 2.45 ( 2.55
(9)
0.52 and 0.499 ( 2.001
10) Finish this number sentence: (2 – 0.1) ( (2 + 0.1) = 


11) Finish this number sentence: (n - 0.1) ( (n + 0.1) = 


12) Finish this number sentence: ( n - 0.05) ( (n + 0.05) = 

13)
Write an explanation to someone who does not understand how the diagram works.  Include pictures or diagrams if it helps.  Also explain how the diagram above shows that the difference between the square number (for example 8 ( 8) and the multiplication of the numbers ‘up and down’ (for example 6 ( 10) is always ‘the small square in the corner’
Exercise 5:  Using squares 

Now that Tessa knows about the difference of two squares, she can use squares to work out the answers to some products. 
Example

Tessa uses the square of 30 to calculate the answer to 29 x 31.

30 2 = 900 so she thinks that 29 x 31 = 900 – 1 = 899

Tessa checks on the calculator and finds that 29 x 31 = 899 so her method has worked.
What to do

Use squares to work out these products. Use your calculator to check your answer.

1)
19 ( 21
2) 
24 ( 26
3)
49 ( 51

4)
58 ( 62
(5)
196 ( 204
(6)
394 ( 406

7)
485 ( 515
(8)
1.27 ( 1.33
(9)
10.5 ( 9.5
10) 
Would this method be a sensible strategy for calculating 2.8 ( 3.6? Explain.

11) 
Write five questions of your own for which the difference of two squares would be a sensible strategy. 

Exercise 6:  Calculating squares

Mike decides to use Tessa’s pattern to calculate squares. 
He says that since (10 - 3) x (10 + 3) = 102 – 9
then 102 = (10 – 3) x (10 + 3) + 9
Example

Mike wants to calculate 232.  He goes up and down by 3 to get 20 and 26. 
Mike knows that 20 x 26 = 520

He knows that this will be 9 less than 232 (as he has gone up and down 3) so he works out that 232 = 529.

Tessa calculates 232 using different numbers to Mike. 

She goes up 7 to 30 and down 7 to 16. Tessa knows that 30 x 16 = 480. She knows that this will be 49 less than 232 so she works out that 232 = 480 + 49 = 529 

What to do

Use Mike’s method to work out the square of these numbers using two different pairs of numbers. Is there a pair of numbers that are the best to use? Use the calculator to check your answer.
1)
23
(2) 
53
(3)
17

4)
65
(5)
105
(6)
2,010
7) 
2.3
8) 
7.3
9)
2.5
10)
6.5
11)
10.5
12)
20.1
13)
99.2
14)
999.5
15)
1,001.2

16) 
Complete this number sentence for Mike’s method: n2 = (   –    ) ( (   +    ) + 100

17) 
Complete the number sentence: n2 = (       ) ( (       ) +  a2 

18) 
Would this method be a sensible strategy for calculating 14.272?  Explain your answer.
19) 
Write five numbers of your own that would be sensible to work out the square of using Mike’s method.

Exercise 7:  Always true, sometimes true, never true?
Mike makes the statement: 
The product of two consecutive odd numbers is equal to the difference of two squares.

Mike says his statement is always true. 

Tessa thinks that there might be some numbers for which Mike’s statement is not true. 

1)
Investigate Mike’s statement to see if it is always true, sometimes true or never true.

Hint: Start by investigating particular numbers as examples. If the rule seems to work, look to see how the numbers are related.
Write up your investigation formally, and be prepared to explain what you have done and found out to the rest of the group.
2) 
Make a statement similar to Mike’s that you can make about the product of consecutive even numbers?  
3) 
Investigate to see if your statement is always true, sometimes true or never true.  Write up your investigation formally, and be prepared to explain what you have done and found out to the rest of the group.

Tessa makes a statement about the sum rather than the product of odd numbers: 

The sum of two consecutive odd numbers is equal to the difference of two squares.

4)
Investigate Tessa’s statement to see if it is always true, sometimes true or never true.

Hint: Start by investigating particular numbers as examples. If the rule seems to work, look to see how the numbers are related.  

Write up your investigation formally, and be prepared to explain what you have done and found out to the rest of the group.

5)
Is there a statement similar to Tessa’s that you can make about the sum of consecutive even numbers?

6) 
Investigate to see if your statement is always true, sometimes true or never true.  
The difference of two squares

Answers

Exercise 1:  Tessa’s pattern
1) 
3 ( 3=2 ( 4+1
(2) 
4 ( 4 = 3 ( 5 +1
(3) 
5 ( 5 = 4 x 6 + 1

4) 
9 ( 9 = 8 ( 10 + 1
(5) 
10 ( 10 = 9 ( 11 + 1
(6) 
12 ( 12 = 11 ( 13 + 1

7) 
14 ( 14 = 13 ( 15 + 1
(8) 
25 ( 25 = 24 ( 26 + 1
(9) 100 ( 100 = 99 ( 101 + 1

10) 
No, can’t find any numbers for which the pattern does not work

11) 
No, this is not enough to prove that the pattern works for all numbers – there might be some number that we haven’t tried that the pattern doesn’t work for

Exercise 2:  Developing the pattern
1) 
(3 -1) ( (3 + 1) = 32 -1
(2) 
(4 -1) ( (4 + 1) = 42 -1
(3) 
(5 -1) ( (5 + 1) = 52 -1

4) 
(9 -1) ( (9 + 1) = 92 -1
(5) 
(10 -1) ( (10 + 1) = 102 -1
(6) 
(12 +1) ( (12 - 1) = 122 -1

7) 
(14 -1) ( (14 + 1) = 142 -1
(8) 
(25+1) ( (25 - 1) = 252 -1
(9) 
(n -1) ( (n + 1) = n2 -1
Note: various answers acceptable as any number can be used in place of n
Exercise 3:  Squares and rectangles
1) 
various arrays built demonstrating that the square built has one more counter than the matching rectangle

2) 
yes, because we can see why it works – one more row and one less column so one counter will always be left over in forming the rectangle

3) 
(n – 1) ( (n + 1) = n2 -1

4) 
Here is a diagram of counters starting with 5 x 5 and rearranging to get 7 x 3. There are 4 counters left over.
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[image: image4]
There are always 4 extra if you go up and down by 2

5) 
(n – 2) ( (n + 2) = n2 - 4

6) 
Investigation with counters shows that going up and down by 3 leaves 9 counters over

7) 
(n – 3) ( (n + 3) = n2 – 9

8) 
(n – 4) ( (n + 4) = n2 – 16

9) 
(n – 10) ( (n + 10) = n2 – 100

10)  
The difference between the product and the square is the square of the number you go up and down by.

11) 
(n – a) ( (n + a) = n2 – a2
Exercise 4:  What about decimals?
1) 




2) 




3) 




4)




5) 




6)




7) 




8) 







9) 




10) 
(2 - 0.1) ( (2 + 0.1) = 22 – 0.12
(11) 
(n - 0.1) ( (n + 0.1) = n2 – 0.12


12)
(n - 0.05) ( (n + 0.05) = n2 – 0.052

13)
Be prepared to give your explanation and discuss it with other members of your group
Exercise 5
1)
19 ( 21 = 202 - 1 = 399

(2) 
24 ( 26 = 252 – 1 = 254
3)
49 ( 51 = 502 - 1 = 2,499
(4) 
58 ( 62 = 602 - 22 = 3,596

5)
196 ( 204 = 2002 - 42 = 40,000 – 16 = 39,984

6) 
394 ( 406 = 4002 – 62 = 160,000 – 16 = 159,964
7)
485 ( 515 = 5002 - 152 = 250,000 – 225 = 249,775

8) 
1.27 ( 1.33 = 1.32 – 0.032 = 1.69 – 0.0009 = 1.6891

9)
10.5 ( 9.5 = 102 – 0.52 = 100 – 0.25 = 99.75

10) 
To calculate 2.8 ( 3.6 using this method, you would have to calculate the square of 3.2  which is not that easy so probably not a good method. 

11)
various  

Exercise 6
1)
232 = (23 – 3) ( (23 + 3) + 32 = 20 ( 26 + 9 = 529


2)
532 = (53 – 3) ( (53 + 3) + 32 = 50 ( 56 + 9 = 28,000 + 9 = 28,009 


3)
172 = (17 – 3) ( (17 + 3) + 32 = 14 ( 20 + 9 = 280 + 9 = 289

4)
652 = (65 – 5) ( (65 + 5) + 52 = 60 ( 70 + 25 = 4,200 + 25 = 4,225 


5)
1052 = (105 – 5) ( (105 + 5) + 52 = 100 ( 110 + 25 = 11,000 + 25 = 11,025 


6) 
2,0102 = 2,000 ( 2,020 + 100 = 4,040,000 + 100 = 4,040,100 


7)
2.32 = (2.3 – 0.3) ( (2.3 + 0.3) + 0.32 = 2 ( 2.6 + 0.09 = 5.2 + 0.09 = 5.29 


8)
7.32 = (7.3 – 0.3) ( (7.3 + 0.3) + 0.32 = 7 ( 7.6 + 0.09 = 53.2 + 0.09 = 53.29
9)
2.52 = (2.5 – 0.5) ( (2.5 + 0.5) + 0.52 = 2 ( 3 + 0.25 = 6 + 0.25 = 6.25 


10)
6.52 = (6.5 – 0.5) ( (6.5 + 0.5) + 0.52 = 6 ( 7 + 0.25 = 42 + 0.25 = 42.25 


11) 
10.52 = (10.5 – 0.5) ( (10.5 + 0.5) + 0.52 = 10 ( 11 + 0.25 = 110 + 0.25 = 110.25 


12)
20.12 = (20.1 – 0.1) ( (20.1 + 0.1) + 0.12 = 20 ( 20.2 + 0.01 = 40.4 + 0.01 = 40.41 


13)
99.22 = (100 – 0.8) ( (99.2 + 0.8) + 0.82 = 99.2 ( 100 + 0.64 = 9,920 + 0.64 = 9,920.64 


14)
999.52 = (999.5 – 0.5) ( (999.5 + 0.5) + 0.52 = 999 ( 1,000 + 0.25 = 999,000.25


15)
1,001.22 = (1,001.2 – 1.2) ( (1,001.2 + 1.2) + 1.22 = 1,000 ( 1,002.4 + 1.44 = 1,002,401.44 


16)
n2 = (n – 10) ( (n + 10) + 100

17) 
n2 = (n – a) ( (n + a) + a2  


18) 
There are no nice numbers to calculate 14.272 using Mike’s method.

19) 
various 

Exercise 7
1)
It looks as though Mike’s statement seems to be true for all the numbers tried.

The numbers are related according to the rule:

7 ( 9 = 63 = 82 – 1

11 ( 13 = 122 – 1

(2n – 1) ( (2n + 1) = (2n)2 – 12 

2)
A similar statement can be made about the product of consecutive even numbers:

8 ( 10 = 92 – 1

12 ( 14 = 132 – 1

(2n) ( (2n + 2) = 4n2 +  4n  = (2n + 1)2 –  12
3)
This statement is always true.

4)
Tessa’s statement seems to work for all numbers.

3 + 5 = 8

32 – 12 = 8

5 + 7 = 12

42 – 22 = 12

(2n – 1) + (2n + 1) = 4n
(n + 1)2 – (n – 1)2 = 4n
5)
The statement ‘the sum of consecutive even number is equal to the difference of two squares’

6)


4 + 6 = 10

10 is not the difference of any 2 squares

(2n) + (2n + 2) = 4n + 2

The statement is not true.
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